Here £ = r/R, Eo = rg/R, KR = 1,/pgR is the surface-curvature parameter. The upper sign in
expressions (12), (13), and (15) relates to the inside-face problem, the lower sign to the
outside~face problem.

The results of a numerical integration are presented in Figs. 2 and 3. The behavior of
the velocity Wo of the quasisolid core relative to the wall and the zone boundary &, is qual-
itatively similar to the plane case. The other parameters being equal, the maximum values
WBaX and |1 — £P8X| for a film on the inside surface of a cylinder are higher and displaced
to the right as compared with the case of flow off the outside surface. In this connection
the mass of liquid shaken off is greater for the film flowing off the inside surface of the
cylinder (Fig. 4). As the deceleration parameter A increases, so does the mass of liquid
shaken off, The rate of increase is particularly significant up to A =~ 10.
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VARIATIONAL SOLUTION OF EQUATION OF NONLINEAR MASS
AND ENERGY TRANSFER

L. S. Kalashnikova, I. N. Taganov, UDC 66.015.23:519.34
and V. P, Volkova

The use of a variational principle of Hamilton type is considered for problems of
nonlinear mass transfer in a semibounded plate with ¢onstant and variable diffu-
sional properties.

In complex cases associated with heat and mass transfer in systems with chemical trans-
formations or polymerization processes, in biological systems, and in special cases of cata-
lytic processes, significant deviation from the Fourier and Fick laws is observed. Processes
of heat and mass transfer of this kind may be mathematically described by an equation of the
form

dq . d*g ‘
- P—r»‘-djv(vq) L TE ~div [k {g) (grad )" ] - F (), (1)
0t 012
}zsgl.
This equation may be obtained on the assumption that the flux of material is determined
by an expression of the form [1]

[ — k(@) (grad g)" — 7.

In the case of heat transfer, @ represents the thermal energy; in the case of mass trans-
fer, the concentration. For the heat-transfer equation F(¢) is a heat source or sink and for
the mass—transfer equation a mass source or sink due to chemical transformations.

Consider the case of mass and energy transfer in a semibounded plate with variable dif-
fusional properties in. the presence of a chemical reactlon, in this case, Eq. (1)} takes the

form
9 9 Iprgy(-% ) SRCT, ), m= 1, 2, 8, &
dr dx | Ox

where k is the rate comnstant of the chemical reaction; m is the order of the chemical reac—
tion. In the general case it is expedient to assume that the order of the reaction may be
either integral or fractional.
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The concentration distribution is assumed to be uniform at the initial moment; i.e., at
=0, C(x, 0) = 0.

In accordance with the idea of the penetration depth of the concentration front, the
parameter §(t), the extension of the region with nonzero concentration, is introduced. For
x > 8(1) the plate has a uniform initial mass concentration and there is no mass transfer.

A boundary condition of the first kind specifies the concentration distribution over
the surface of the plate at any moment of time; in this semibounded plate the concentration
distribution at the boundary is

CO »=0(); CO@, V) =0; 0<x<8(D). (3)

A variational principle of Hamilton type [3-7] will be used to solve Eq. (2) with the
boundary conditions in Eq. (3). This method is characterized by the introduction in the La-
grangian of a parameter A, which tends to zero when the variational process is complete. By
this means it is possible to obtain an artificial approximation to problems for which there
are no classical integrals of Hamilton type.

The approximating solution of Egqs. (2) and (3) is sought in the form

C(x ﬂ=e@mwu:1—~i—; (&)
' e 8(v)
p is a positive integer.
Consider the Lagrangian
' D¥ () ([ oC )"+‘ AD* (C) ( ac )2 £D* (C) .
L= _ —_ 'm-+-1 , i 5
[Q(n-}—l)'(ax 5 \ ot ml C ]&p(x)' =
The corresponding Euler —Lagrange equation is
. ®C |, oC d / aC \
A = D*(OY | —— kKC™ . (6)
o * dt ox [ ()( 6x)]+

When \ -+ 0, Eq. (6) reverts to Eq. (2). Solving Egs. (6) and (3) is equivalent to find-
ing the minimum of the functional -

Ty G(I) . .
1={ | Ldxdr, 7

To 0
where the time integral is chosen arbitrarily.

Let

D*(C) = ky 3 apt? = hylag + ap? + ap® + ... 1, (8)

i=0
where ko and aj are constants.

After evaluating the inner integral, Eq. (7) takes the form

T

. S[_ AR () BRAT (@) D) @
. 2(n+ 1)6" (x) 2 8 (1)
m-+1 & T )
£ ERgp08 @ (0 + T 080 | o () C)

where
S 2

_ O 4 .
g (%4 m(n-+2i+1)—n )

™ .
B = -
Y erar
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a;

P2 —1pl-2pli-2+11

-
d
r

k)

i=0

a;

_ ¥
a2+ )plp2—i+1]

S

ﬂg pm-+i+1)+1

The necessary condition for an extremum of the functional is that its variation should
vanish; i.e., the Euler—Lagrange equation must be satisfied on the curve realizing the ex-
tremum of the functional [2].

The appropriate Euler—Ilagrange equation for Eq. (9) is

Akgp™ ™ 0" (1) FRRO™T' () 2DRp*2 ()8 (1) _

2(n+ 18" () m -1 8 (1)
¢ 2 ’ 4
— EkypB (1) (1) = x{[—@@?(—ﬂ@ﬁ L Ekypf (1) (r)] —
- : (v)
_ BR#(1)  Dkp**(x) 6’2(7)} (10)
2 8 (1) )
Letting A tend to zero, the result is an ordinary differential equation of the form
d_goitgy [ E@ED0@ Fk(n+1>e"‘+‘<r>] 5+ () — Ao 0 (1) (11)
d ! U 2Dpd (7) 3D (m L 1) p? D :
Solving this equation gives
Ty .
wet o Akgp™! [ Fe(an+~1)0"""'(x)  E(-+1)0 (1)
YT = e D(m-+-Np:  2Dpa) dr X
O TEas )o@  Fes 10" () } - (12)
/<5 epr [ 2D (1 om0 O

and (1) = 0.
Using Eqs. (12) and (4), an approximating solution for Egs. (2) and (3) is obtained.

To estimate the error of this solution, Eq. (2) is transformed using the substitution

=t =1 (13)
8(1)
Successive evaluation gives
GC . N . PR ﬁl(T)
e = Y —Ar¥y @ . I—2 1 — . 14
E 0 @ —2) +0(0p( ) 1 5 (1) (14)
ac  phm(—r)! 15
A, (1) ' (1)
@C _ plp—10m1—2)"" (16)
AT 82 (7)
and it will now be expedient to introduce the notation
/ \n
N an
Jt ok, ohy ]

Substituting Egs. (14)-(16) into Eq. (17) gives the mean-square value of the error

;.80 @O @, p®R@OTw B
2o+ 1 " @ Do T @pP—D&@®  2pm—1
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|

6 Buw°
Fig. 1.  Concentration distribution

for T =1 (1), 2 (2), 3 (3), and &4
sec (4); p = 3; D* = 10° m®/sec.

N [ @)+ — <r>e'<_r_> J

p--pm--1 (m-+1)8()
 kop e (@) o =1 ay, .
e %Q %% &) ) (p—D(+2m)
Lonlp—=1 [ an(p—1) %Q}}-f—
' 8(7) (2pn — 20— 1) 8 (1) 2
_ ok,p" T (1) 8 (1) 01— np—1 Y\ an ]"_
| () [4( e T R

1+ 20 00 [ (1m2C=D ) np=b (a0 )]
R ) [.Q3 ® 8(7) )_ 8 (1) (_pn-—rz—i—p '_st)J' (18)

where

_\ a .
& owd 20 —1+2pn—2n

i \Aa

Z L+])p~1+2pn—2n

Z tp——pn—n——p ’

_ "\ 4
% S (ip— 1+ pn—n--p)(ip+ pn—n--p)

’

o

R
’ pn—n -+ ip -+ pm

=0

Consider the particular case of Eq. (1) corresponding to the nonlinear mass transfer in
a semibounded plate with constant diffusional properties; in this case, Eq. (1) takesthe form
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TABLE 1. Values of the Error J

n=|\ | n=0,73 i n=0,5
. . — —
I3 Jr? : P | Ji? | p ! Ji?
o 00633 - 1 ! o108 | 1 | o w8l
2 | o087 | 2 0.0237 2 | 00363
3 0008 | 3 0.0051 31 0,019
r g S v n.
0C 0 o CNY o (19)
Ot Ox i oy

It is possible to solve Eqs. (19) and (3) using a variational principle of Hamilton
type, the approximating solution being written in the form in Eq. (4). The Lagrangian in
Eq. (5) takes the form

Dx oac N L aC \2] A
L, - [ f- = ‘ - expl—- 20
SR AT I S R T 20 ot ) | '( 7! (20
Then, following the known scheme [3], §(t1) may be evaluated,
oo N ape e . (20 e .
[ Dep"nisp>— 1) | '11"*; RPN B w?"h"'vx} el
B A i -n (thatt 0 -F ) ,
U i~ p \ﬁ 0 ()ar} (T (21)

To

S

and §(10) = 0.
Using Eqs. (21) and (4), an approximating solution of Egs. (19) and (3) is obtained.

The mean~square error may be evaluated in accordance with Eq. (18), which in the present
case reduces to the form
7@ L DM@ —17 0 @O )
2p--1  @pn—20—18"(1). (2p+1)8(v)

pPREOETM 2D (p— DO @0 () 2p" D™ ()8 (1)
(4p* — 1) 8% (1) (pn—n+ p)&" ™" (1) (n--l)(pn—n-+=p)s"“3 @)

As an example, Fig. 1 shows the solution of Eqs. (19) and (3) for 0(t)= 1 withdifferent
degrees of nonlinearity n. .

One of the main problems in the practical use of the variational method is the choice
of the order of the approximating polynomial., In [3] much attention was given to the ques-
tion of the optimum profile. It was shown that the optimum profile is a polynomial of first
or second order for the case of the energy distribution. Solutions of the linear equation
obtained by different methods were compared in [9, 10]. 1In [4-7] parabolic profiles of the
energy or concentration distribution were chosen for the solution of various linear problems.

Despite these results, approximating polynomials of higher order wereused in [3, 8].

In [8] a cubic profile of the energy distribution was chosen in a variational solution
using a local potential. In [3] the nonlinear heat conduction in a semibounded body was
calculated by a variational method of Hamilton type using a cubic polynomial for the profile
of the energy distribution. The approximate solution obtained is in good agreement with the
accurate solution.

To solve Egs. (19) and (3) a cubic profile of the concentration distribution was chosen.
Table 1 gives values of the error for various n and p. An analysis of these errors leads to
the choice p = 3 for the solution of the problem.

NOTATION

C, concentration; ©(t), concentration at the left-hand boundary of the region consid-
ered; D%, diffusion coefficient; k(¢), transfer coefficient; T, flux of material; v, veloc-
ity; p, order of approximating polynomial; x, coordinate; t, time; 1%, relaxation time; 7o,
T:, boundary values of time interval; §(1), penetration depth of concentration front; A, La-
grangian multiplier.
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HEAT TRANSFER IN TURBULENT FLOW OF POLYATOMIC
GASES ALONG A TUBE

0. A. Nekhamkina and M. A. Rotinyan UDC 536.244:532.542.7

A numerical method is used to calculate the transfer to ammonia for different models
of turbulent viscosity. The results obtained are compared with experimental data.

With the increase in heat-flux levels in various power stations and the growing variety
of heat carriers (polyatomic and chemically reacting gases, material in a near-critical and
supercritical state, etc.), there has arisen a need for methods of calculation of the tur-
bulent flow along a tube of liquids with strongly variable physical properties.

Both physical and mathematical difficulties beset the solution of this problem. Because
there is no consistent theory of turbulence at present, it remains uncertain whether semiem-
pirical models of turbulence developed for flows of incompressible liquid along a tube may
be used for liquids with variable properties. From a mathematical viewpoint, the existing
temperature and pressure dependences of the physical properties of the liquid lead to "strong"
nonlinearity of the initial system of equations, so that it is necessary to use finite-dif-
ference methods for its solution.

Such methods have been used to obtain solutions for turbulent flows of gaseous nitrogen
and air {[1] and hydrogen in a state of equilibrium dissociation [2] along a circular tube.

In {1], a comparative analysis of 11 different models of turbulent viscosity was made on
the basis of experimental data. It was shown that in the conditions under consideration the
formula of [4] gives the best agreement with experiment [3].

In [2] turbulent viscosity was determined using the Reichardt formula [5] with Goldman's
correction [6].

In both cases it was assumed that the turbulent analog of the Prandtl number is unity,
that the gas is perfect, and that the pressure dependence of the thermodynamic properties
and molecular transfer coefficients is negligible. Note that the last two assumptions con-
siderably restrict the use of these methods, and the conclusions drawn as to their applica-
bility require further verification.

The present paper outlines a finite-difference method that may be used to calculate tur-
bulent flows iIn circular tubes for arbitrary temperature and pressure dependences of the
thermodynamic and transfer properties of the gas.

The results obtained for the heat transfer to ammonia using the formulas of [4, 5] and
two variants of the Millionshchikov formula [7, 6] to determine the turbulent viscosity are
compared with experimental data [8]. The Millionshchikov formula is of great practical
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